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This article is intended for undergraduate students with the aim to provide a pedagogical intro-
duction to the physics of stellar tidal deformations. The spherically symmetric shape of any star
is deformed via rotation around an arbitrary axis or by the presence of an external tidal field. We
compute the ellipticity of such a stellar object and show that rotation can be treated analogously
to tidal effects caused by an external field, which induces a quadrupole moment. The detection
of gravitational waves from a binary neutron star merger (GW170817) in 2017 set constraints on
the tidal deformability parameter Λ and on equations of state for compact stars. We derive the
corresponding formalism classically and show that the Newtonian limit taken via general relativity
is justified. The compressibility and the compactness C = M/R of matter are discussed classically
and compared to the relativistic approach. We find that relativistically the main influence on tidal
deformability is related to the star’s compactness C.
I. MOTIVATION
II. INTRODUCTION AND MOTIVATION
The purpose and motivation of this article is to help undergraduate students and/or their supervisors to find a
rather pedagogical approach to the study of tidal effects in stellar systems. Since the detection of gravitational waves
from a binary black hole-black hole merger in 2015 [1–3] and two years later from the neutron star merger event
GW170817 [4–6], the tidal deformability of compact stars is an area of physics of increasing popularity.
The main focus of attention is laid upon a classical approach to the corresponding equations. It is thereby in-
tended to generate a progressive introduction to this area of physics and to gain a better understanding of the
corresponding equations and related quantities. First it is shown that the rotation of a star around an arbitrary axis
obeys in principle the same physics as the effect of an external tidal field. Our analysis of the quadrupole moment,
the hydrostatic equilibrium and the corresponding Poisson equation yields a differential equation the solution of
which resembles a Bessel function very closely. The evaluation of this equation eventually gives quantities such as
the tidal Love number k2, which we can relate to the quadrupole parameter J2 resulting from the classical evaluation
of the quadrupole tensor. The classical derivation of this formalism yields the correct limit taken from general
relativity which is used in several articles on the subject of a compact star’s tidal deformability [7–10]. Proceeding
and expanding the classical formalism relativistically, we also show that for stars resulting from polytropic equations
of state (EoS) and selfbound stars obtained with a constant speed of sound EoS, the mass-radius relations scale with
a constant to some power. The resulting compactnesses C = M/R and the tidal Love numbers k2 are independent
of these constants, so that constant factors in any EoS do not change the deformability properties. Classical results
are compared with results from general relativity by solving the Tolman-Oppenheimer-Volkoff equations. The finding
that a compact star with a smaller compactness C is more deformable compared to a more compact star is not
surprising, but also the stiffness or softness of an EoS plays a nontrivial role. Several polytropic indices are hence
studied and evaluated on their influence on the compressibility of the matter the star is made of. Classically C = 0
and the tidal deformability is described only by the Love number k2. In general relativity C 6= 0 and the compactness
gives the main contribution, although k2 is still of influence.
III. NEWTONIAN PHYSICS
In 1867 Isaac Newton published his work entitled Philosophiae naturalis principia mathematica. In this work he
linked the laws of physics on earth to the laws of physics in space. Within this unified theory it is not only possible
to derive the Keplerian laws but also to study stellar physics.
2A. Non-relativistic stellar structure equations
Two forces act within an ordinary star. One of these forces is gravity FG and the other force arises from the pressure
p which counterbalances gravity to keep the star in an equilibrium state [11, 12]. The classical treatment due to Isaac
Newton in infinitesimal calculus reads
dFG =
−GdmM(r)
r2
(1)
where G = 6.67 × 10−11m3kg−1s−2 is the gravitational constant in SI units, r the radial distance of a spherically
symmetric star. Mass conservation is given by
dm = 4πr2ρ(r)dr (2)
with ρ(r) being the mass density. The pressure acting on a surface A is
dp =
dFG
A
=
dFG
4πr2
. (3)
Combining eqs. (1), (2) and (3) eventually leads to
dp
dr
= −GM(r)ρ(r)
r2
. (4)
Eq. (4) tells us that a sphere in hydrostatic equilibrium balances the graviational pull with the pressure of the matter
pushing outwards. In case of ordinary stars such as our sun this counter pressure on gravity is of thermal origin and
provided by fusion processes. In case of compact stars the counter pressure is arranged by the degeneracy pressure
of the corresponding particles. In case of white dwarfs relativistic electrons arrange for an adequate counter pressure
counterbalancing the pull of gravity. More compact stars such as neutron stars are stabilized by the counter pressure
of relativistic neutrons and interactions among them. Since neutron stars are highly relativistic objects, eq. (4) has
to be adjusted. This is discussed in section V.
B. Polytropic Equation of state
In the last section we motivated differential equations for the determination of a star’s mass (eq. (2)) and it’s
corresponding pressure (eq. (4)) depending on the star’s radius r. What we have to do now is to set up a relation
between the pressure p and the mass density ρ(r). Such a relation is called the equation of state (EoS), or p(ρ(r)).
Note that in the relativistic case the mass density ρ is replaced by the energy density ǫ via ρ(r)c2 = ǫ(r), where c is
the speed of light.
In this section we shortly sketch how to derive a polytropic EoS for compact stars according to [11–13] because we
discuss such EoSs in the following.
In a quantum system Ekin. ≫ Etherm., so that degenerate fermions can be described at T = 0 due to the Pauli
principle. The energy to enter the system corresponds to the chemical potential µ, which is a step function [12] at
vanishing temperature. The number density of electrons ne is
ne =
∫ kF
0
2
(2π~)3
d3k → ne = k
3
F
3π2~3
(5)
with kF as the Fermi momentum. The mass density ρ = nemN · AZ with mN as the nucleon mass and AZ = 2 for a
12C White Dwarf star. From these assumptions it follows that
kF = ~
3
√
3π2ρZ
mNA
. (6)
3The electrons in a white dwarf are mostly responsible for the degeneracy pressure whereas the nucleons contribute to
the star’s mass. The energy density is
ǫ =
8π
(2π~)3
∫ kF
0
E(k)k2dk (7)
where E(k) =
√
k2c2 +m2c4 from the relativistic energy momentum relation. The derivation of the corresponding
pressure integral can be found in [12] and reads
p =
8π
3(2π~)3
∫ kF
0
k2c2
E(k)
k2dk. (8)
Solving the integrals and following the procedure in [11, 12] one arrives at a polytropic EoS of the form
p = KǫΓ (9)
with K = const. for an adiabatic index Γ. The adiabatic index is commonly given as Γ = 1 + 1/n, with n as the
polytropic index. K can be determined via the relation
K = p0 · ǫ−Γ0 (10)
with p0 = 1.6022·1032 Pa which is equal to 1 MeV/fm3 or 1.3234×10−6 km−2, depending on the units one wants to use.
The energy density may be chosen to ǫ0 = 94.38 MeV/fm
3 which corresponds to a baryon density of n0 = 0.1 fm
−3,
see also [10, 14].
For a given Γ the value of K determines the maximum mass in the mass radius relation. It turns out that mass and
radius scale with the constant K to some power. The relation of M/R is called compactness C. In Sec. VA we show
that C is independent on K.
1. The Lane-Emden Equation
The Lane Emden equation is a dimensionless Poisson equation for a spherically symmetric mass distribution. This
mass distribution can be described via a polytrope for example, see eq. (9). A dimensionless treatment enables us
to study scaling solutions of the corresponding mass radius relations, i.e. when solving for eqs. (2) and (4). We will
encounter scaling solutions again in Sec. VA.
Rearranging eq. (4) and deriving with respect to r yields
d
dr
[
r2
ρ(r)
dP
dr
]
= −Gdm(r)
dr
, using eq. (2)
1
r2
d
dr
[
r2
ρ(r)
dP
dr
]
= −4πGρ(r). (11)
Making use of the polytropic EoS eq. (9) and its derivative dp/dr to substitute these quantities in eq. (11), one arrives
at
ΓK
r2
d
dr
[
r2ρ(r)Γ−2
dρ(r)
dr
]
= −4πGρ(r). (12)
In order to study scaling solutions, the equation above needs to become dimensionless. To this purpose one introduces
ρ = ρcθ
n as the density in units of the central density ρc and 0 ≤ θn ≤ 1 as the corresponding function depending on
the radius r. The radius itself becomes r = ξλn where λn is in units of a characteristic lenghth. ξ is the dimensionless
radius. Plugging these values in eq. (12) one finds
(n+ 1)
Kρ
1−n
n
c
4πG︸ ︷︷ ︸
lenghth2
· 1
r2︸︷︷︸
1
lenghth2
· d
dr
[
r2
dθ
dr
]
︸ ︷︷ ︸
dimensionless
= −θn︸︷︷︸
dimensionless
. (13)
4Due to dimensional reasoning the characteristic lenghth is
λn =
(
(n+ 1)
Kρ
1−n
n
c
4πG
)1/2
. (14)
Eventually one arrives at the Lane Emden equation
1
ξ2
d
dξ
(
ξ2
dθ
dξ
)
= −θn (15)
with θ a dimensionless density and ξ a dimensionless radius. With the Lane Emden equation one is able to find mass
radius relations adopting eq. (2). The high density limit corresponds to Γ = 4/3 and yields the famous Chandrasekhar
mass limit [12] for White dwarf stars with MWD . 1.4 M⊙ independent on the central pressure or the radius of the
star. As the density in the White dwarf increases, the electrons become more relativistic until the mass limit is
reached. The Chandrasekhar mass limit represents the maximum possible mass for a White dwarf for a purely
relativistic polytropic EoS.
There are three known analytical solutions (n = 0, n = 1 and n = 5) for the Lane Emden equation which are solutions
of the cylindrical Bessel functions. We will further investigate analytical solutions for n = 0 and n = 1 in Sec. IVG.
C. The EoS for selfbound stars
A selfbound star is in no need for gravity to be stable. It stabilizes itself due to attractive interactions, similar to
how a nucleus does not need gravity to be stable [15, 16]. For the EoS this implies that for zero pressure the value of
the energy density is nonzero. The corresponding mass radius relation scales as M ∝ R3.
Selfbound stars may be realized in nature as pure quark stars [17–27] and are still not ruled out yet due to observation
or any astrophysical constraint known so far. Though there are several sophisticated ways to implement effects of
confinement by means of quantum field theory, for our purpose it is sufficient to use a pure phenomenological model:
The MIT-bag model [28]. The MIT-bag model is an intuitive quark model and has already been developed in the 70’s
by physicists of the Massachusetts Institute of Technology to describe the structure of hadrons. The central idea for
modelling confinement is that quarks with flavour f are contained inside a finite volume in vacuum. Inside this Bag
they behave as a free Fermi gas. The Bag carries the quarks and is colour neutral from the outside. The so called
Bag constant B models the pressure from the vacuum onto the bag. The quarks have to compensate the pressure
resulting of B by their kinematic pressure. This translates into the relation
p =
∑
f
pf −B and ǫ =
∑
f
ǫf +B. (16)
For a relativistic massless gas of particles ǫf = 3pf [12, 29]. Expressing the pressure p in terms of the energy density
ǫ gives
p(ǫ) =
1
3
(ǫ − 4B). (17)
We will encounter this EoS and the corresponding compact stars and their properties in the following chapters. Note
that this EoS is not being used for any classical analysis. It is the general solution for an ultrarelativistic gas and
hence of importance as a limiting case in general relativity [12].
IV. CLASSICAL QUADRUPOLE DEFORMATION
The trajectory of a planet around a star such as the Sun is an ellipse. The influence of other planets is responsible
for a small deviation of the regular ellipse trajectory. It was found that the planets obey the laws found by Kepler, but
the perihelion shift of mercury was a mystery. The perihelion shift was determined already in 1859 by LeVerrier to
be 5.74 arc.sec per year. With Newtonian physics the value should have been 5.31 arc.sec per year, and the deviation
of 0.43 arc.sec per year could not be explained.
Before the discovery of general relativity, which gives the solution to this riddle, it was speculated that the deformation
of the sun due to rotation is responisble for this effect, at least to some extent. It turned out that the deformation
due to the so called quadrupole moment is responsible only for less than a percent of the perihelion shift of mercury.
5A spherically symmetric mass distribution may, without loss of generality, be bulged around the equator. Then of
course the mass distribution is no longer spherically symmetric, see also fig. 1. The important symmetry left is the
rotation around the z-axis (in the x- and y direction only rotations ∝ 2kπ are allowed). Unless as in electrodynamics,
a dipole moment does not exist, but such a mass distribution has a quadrupole moment. Higher order momenta obey
other symmetries which we neglect.
A. Deformation due to rotation
For an ordinary M-star such as our sun, which needs roughly one month to rotate around its axis, the deviation
due to rotation of the radius r from a spherically symmetric sun with radius r is rather small, but can be estimated
nonetheless. An ordinary star surface can be described via
~r(θ) =
(
r(θ) sin θ
r(θ) cos θ
)
, (18)
where θ is the angle between the northpole and the equatorial plane. The coordinates used are those when cutting
through a sphere. The surface is described then by the corresponding circle with the coordinates ρ and z arranged in
a vector, see also fig. 1. The radial change is the derivative with respect to θ
d~r(θ)
dθ
= r′
(
sin θ
cos θ
)
+ r
(
cos θ
− sin θ
)
. (19)
The centrifugal acceleration ω2r perpendicular to the surface of course also depends on θ, so that the total acceleration
at the surface of the sun is
~F =
( −ω2r sin θ − g sin θ
−g cos θ
)
∝ ~n, (20)
where ~n is perpendicular to the surface r(θ) and g ≃ 270 m/s2 is the gravitational acceleration at the surface of the
sun. The change of r due to rotation is d~r(θ)/dθ. Due to perpendicularity ~n · d~r(θ)/dθ = 0, so that
(ω2r sin θ − g sin θ)(r′ sin θ + r cos θ) = g cos θ(r′ cos θ − r sin θ) (21)
r′ =
ω2r
g
sin θ
d
dθ
(r sin θ)
∣∣∣∣
∫
⇒ rg − ω
2
2
(r sin θ)2 = C =: R˜g (22)
(23)
The integration constant C can be determined to be
C/g = r(θ = 0) = r − R˜ = ω
2r2
2g
sin2 θ =
ω2r2
2g
(1− cos2 θ) (24)
The ellipse equation taken from A.E.H. Love [30], which is given here for convenience, is
r = R
[
1 + E
(
1
3
− cos2 θ
)]
, (25)
and further evaluation at the north pole, where θ = 0, and at the equator, where θ = π/2, yields
θ = 0⇒ r = R
(
1− 2E
3
)
(26)
θ =
π
2
⇒ r = R
(
1 +
E
3
)
. (27)
These results tell us that the oblateness (ellipticity) E of an ellipse due to rotation is
E =
ω2R
2g
(28)
6r
ρ
z
b
a
θ
FIG. 1. A cut through an ellipsoid gives an ellipse with the quantities a = R
(
1− 2
3
E
)
on the ρ-axis, b = R
(
1 + 1
3
E
)
on the
z-axis and the enclosed angle θ according to eqs. 26 and 27. Rotation around the z-axis yields a dense bulge at the equator and
hence a quadrupole moment.
B. Deformation due to an external field
We begin the calculation with an acceleration similar as in section IVA, only now we consider an external field
causing the deformation of the star. The effect of an external field due to a quadrupole deformation is described via
the quadrupole tensor Qij ∝ ǫij , see eq. (41). For simplicity we assume only ǫ33 6= 0 which models the rotation around
the z axis. For
~F =
[
−
(
0
z
)
ǫ33 − g
(
sin θ
cos θ
)]
∝ ~n, (29)
which is again proportional to ~n. It is hence anew valid to say that ~n · d~r(θ)/dθ = 0. Performing an analoguous
calculation as in the previous section IVA, one arrives at
r − R˜ = − ǫ33
2g
r2 cos2 θ. (30)
Again comparing with eq. (25) for two different angles
θ = 0⇒ r = R
(
1− 2
3
E
)
and θ =
π
2
⇒ r = R
(
1 +
1
3
E
)
(31)
gives
E =
ǫ33R
2g
(32)
as the excentricity E of an ellipse, i.e. the bulging, due to an external field.
The main statement is that rotation corresponds qualitatively to an external gravitating field ω2 ∝ ǫ33 caused by a
companion star. This is seen when comparing eq. (28) with eq. (32).
C. Quadrupole moments
We are now ready to take a closer look at the quadrupole moments. The starting point to determine the quadrupole
moments is the traceless quadrupole tensor in cartesian coordinates
Qij =
∫
dϕ
∫
drr2
∫
dθ sin(θ)[3xjxj − r2δij ]ρ(θ) (33)
7where ρ(θ) is the corresponding density at a given angle. Because of symmetry reasons the calculation is independent
on ϕ, so that Qij = 0 for i 6= j and Q11 = Q22. Furthermore Q33 = −2Q11 = −2Q22, which is not surprising since
Qij is traceless.
To simplify the integration, we first use a constant density ρ0 throughout the calculation
Q33 =
∫ 2pi
0
dϕ
∫ pi
0
dθ sin(θ)
∫ R(θ)
0
drr2 · r2[3 cos(θ)− 1]ρ0 (34)
=
2πρ0
5
∫ pi
0
dθ sin θ
(
3 cos2 θ − 1)R(θ)5. (35)
R(θ)5 is approximately given as R(θ)5 ≃ R5 [1 + 5E ( 13 − cos2 θ)] from the definition given in eq. (25), and z = r cos θ
so that
Q33 =
4πρ0
5
∫ 1
0
dz(3z2 − 1)R5
[
1 + 5E
(
1
3
− z2
)]
. (36)
Solving the integral for constant density ρ0 yields
Q33 = −4
5
MR2E. (37)
The quadrupole term in the gravitational potential is
Φ2/G =
xiQijxj
2r5
=
1
2r5
(
(x2 + y2)Q11 + z
2Q33
)
=
Q33
4r3
(
3 cos2 θ − 1) . (38)
The full potential in multipole expansion Φ = Φ0 +Φ2 + . . . reads
Φ = −GM
R
+ J2
GM
R
[
R
r
]2
3 cos2 θ − 1
2
+ . . . (39)
where J2 is the quadrupole moment parameter for Φ2
J2 =
Q33
2MR2
= −2
5
E. (40)
It turns out that J2 is independent on the density. It only depends on the radius, the surface gravity and in case of
rotation, on the angular velocity. In case of an external tidal field J2 ∝ ǫ33 instead of ω2. Inserting the values for
our sun in equation (28), one finds that J2 ≃ 3.7 · 10−6. This roughly determined value is in good accordance with
the oblateness parameter C2 found in [31], and matches the values discussed in [32], deduced mainly in the seventies
and eighties, (even for constant density) to a good approximation. The value of J2 by all means depends on the
utilized model and is also dependent on the mass- and density distribution of the star, which we neglected in our first
approach. Moreover, such a small value of the quadrupole moment parameter cannot be responsible for the perihelion
shift of mercury.
Eq. (37) represents the quadrupole deformation due to rotation, which is ∝ ω2 or due to the appearence of an external
tidal field which is ∝ ǫ33. More generally
Qij = −λǫij , (41)
with the parameter λ as the tidal polarizability, i.e. the ratio of the induced quadrupole Qij to the perturbing tidal
field ǫij from the companion star. The relation of λ to the Love number k2 according to [7–10] and Refs. therein is
λ =
2R5
3G
k2 (42)
with R the radius of the star and G the gravitational constant. For an relativistic approach, the tidal deformability
parameter Λ depends on the compactness C of the compact star and on the Love number k2 [7, 10, 30] via
Λ =
2k2
3C5
. (43)
8Classically C = 0 and the tidal deformability is described only by the Love number k2. However, with a constant
surface gravity g = GM/R2 and eq. (32), Q33 from eq. (41) becomes
Q33 = −2R
5
5G
ǫ33. (44)
We have eventually found a connection of the eccentricity of a deformed star due to an induced external field, most
commonly induced by companion star, with the tidal polarizability λ or the Love number k2. For a constant density
λ =
2R5
5G
and k2 =
3
5
. (45)
Classically, the Love number is a constant and does not depend on any other quantity for constant density [30]. In
the original work and in the notation from A.E.H. Love from 1906 [30] he finds a value of H(a = r) = h ≃ 3/5 as a
solution of his analysis concerning the sun, earth and moon system.
He interprets his results as follows:
The inequality produced in the potential of the Earth near its surface by the action of the Sun and Moon is about
k = 4/15 of the tide-generating potential, and the inequality produced in the surface of the Earth according to the
relation h − k = 1/3 is about h = 3/5 of the true equilibrium height of the tide. If the matter within the Earth is
assumed to be absolutely incompressible and of uniform density ρ, one should have corrections due to the rigidity of
matter (quoted from Ref. [30]).
This is indeed the case, as we will see. However, the quadrupole moment parameter for constant density can also be
expressed as
J2 =
−λǫ33
2MR2
=
R3ǫ33
5GM
. (46)
Love numbers have also been determined for different celestial bodies in our solar system. An inner planet experiences
contributions that arise from the tidal- and rotational bulges of the surrounding objects. Precession can in principle
be neglected [33], but leading effects from general relativity cannot be disregarded [34]. Moons or satellites are also
being considered for the determination of k2, which is of course a nontrivial business because the extraction of the
Love number k2 might be further complicated due to oceans under the crust and hence the layer structure, i.e. which
material is present at which depth of the celestial body. The value of the Love number for an “elastic” Earth is about
k2 ≃ 0.3. The Love number of our Moon can be modelled by a mixture of a fluid and a solid core and is about ten
times smaller [35]. Within our solar system, Titan has a particularly large Love number. This feature implies that
Titan is highly deformable which is consistent with a global ocean under the ice crust of Titan [36]. Derivations and
further discussion on that subject can be found in Refs. [33, 35–38].
D. Hydrostatic equilibrium
Let us have a look now how to determine appropriate equations which describe such tidal deformations. We follow
the procedure in Refs. [32, 39, 40] to derive the quadrupole related expressions classically. Starting point is the
pressure gradient
∇P = ρ(r) [−∇Φ(r) + Ω2~ω] , (47)
where ρ(r) is the matter density at distance r, Φ(r) = −GM/r the gravitational potential, G the gravitational
constant, M the mass, Ω the rotational frequency and ~ω the rotational vector pointing perpendicular outwards of
the spheres surface. ~ω needs to be constructed through the unit vectors, so that ~ω = τ eˆτ = r sin(θ)eˆτ , τ being the
distance to the rotational axis, see figure 2. eˆτ is
eˆτ = eˆω = sin(θ)eˆr + cos(θ)eˆθ, (48)
For θ = 0 the eˆr contribution vanishes since the centrifugal force does not elevate a body placed on top of the sphere,
when rotating around the z axis. The term representing the centrifugal force in eq. (47) can thereby be rewritten as
Ω2~ω = Ω2r sin(θ) [sin(θ)eˆr + cos(θ)eˆθ] . (49)
9Inserting eq. (49) in eq. (47) and rewriting everything in spherical coordinates to compute the gradient in eq. (47),
one arrives at
∂P
∂r
eˆr +
1
r
∂P
∂θ
eˆθ = ρ
[
−∂Φ
∂r
eˆr − 1
r
∂Φ
∂θ
eˆθ +Ω
2r sin(θ) (sin(θ)eˆr + cos(θ)eˆθ)
]
. (50)
r
eθ
er
ωθ
τ
θ
FIG. 2. The construction of ~ω with the corresponding unit vectors ~eθ and ~er. ~eφ is perpendicular to ~ω pointing inwards or
outwards the plane. τ is the distance from a point at the surface to the rotational axis.
Eventually
∂P
∂r
= ρ
[
−∂Φ
∂r
+Ω2r sin2(θ)
]
(51)
∂P
∂θ
= ρ
[
−∂Φ
∂θ
+Ω2r2 sin(θ) cos(θ)
]
. (52)
At this point we make use of the Legendre Polynomials. Here P0(x) = 1 for a perfect sphere, P1(x) = x, but in our
case P1(x) = 0 since we have no dipole and eventually P2(x) =
1
2 (3x
2 − 1) is a small deviation from a perfect sphere
giving
P2(θ) = =
1
2
(
3 cos2(θ) − 1) = 1
2
(
2− 3 sin2(θ)) (53)
P ′2(θ) = −3 sin(θ) cos(θ) (54)
P ′′2 (θ) = −3
(
2 cos2(θ) − 1) . (55)
Rearranging eq. (53) and plugging eqs. (53) and (54) in eqs. (51) and (52) we remain with
∂P
∂r
= ρ
[
−∂Φ
∂r
+
2Ω2r
3
(1− P2(θ))
]
(56)
∂P
∂θ
= ρ
[
−∂Φ
∂θ
− Ω
2r2
3
P ′2(θ)
]
. (57)
These equations, eq. (56) and (57), can also be found in Ref. [40], there as eq. (5) and eq. (6). For continuous functions
10
one can cross differentiate eqs. (51) and (52), so that
∂
∂θ
∂P
∂r
=
∂
∂θ
(
ρ
[
−∂Φ
∂r
+
2Ω2r
3
(1− P2(θ))
])
(58)
∂
∂r
∂P
∂θ
=
∂
∂r
(
ρ
[
−∂Φ
∂θ
− Ω
2r2
3
P ′2(θ)
])
. (59)
Now one can equalize eqs. (58) and (59). We have to bear in mind that ρ depends on either angle and radius, i.e.
ρ(r, θ).
After a bit of non-enlightening algebra
−∂ρ
∂r
∂Φ
∂θ
+
∂ρ
∂θ
∂Φ
∂r
=
2Ω2r
3
∂ρ
∂θ
[1− ρP2(θ)] + 1
3
Ω2r2
∂ρ
∂r
P ′2(θ). (60)
Following ref. [40] we expand
Φ(r, θ) = Φ0(r) + Φ2(r)P2(θ) and (61)
ρ(r, θ) = ρ0(r) + ρ2(r)P2(θ). (62)
Plugging everything in and rearranging eq. (60) yields
ρ2(r)
∂Φ0
∂r
= Φ2
∂ρ0
∂r
+
1
3
Ω20r
2 ∂
∂r
(ρ0) (63)
which is eq.(7) in Ref. [40]. Quadratic terms with index 2 such as ρ2(r)P
′
2(θ) are neglected since these terms are≪ 1.
E. Poisson equation
The Poisson equation in Newtonian physics is the source term of gravity
∇2Φ = 4πρG. (64)
where we expand the potential Φ(r, θ) and the density ρ(r, θ) according to eqs. (61) and (62), see also Refs. [32, 40].
Using the second derivatives in spherical coordinates
∇2Φ = 2
r
Φ′0(r)+Φ
′′
0 (r)+Φ
′′
2 (r)P2(θ)+
2
r
Φ′2(r)P2(θ)+
1
r2 tan(θ)
Φ2(r)P
′
2(θ)+
1
r2
Φ2(r)P
′′
2 (θ) = 4π [ρ0 + ρ2(r)P2(θ)]G.
(65)
When substracting the solution for a homogenous and perfect sphere only the perturbation remains, so that
P2(θ)
[
Φ′′2(r) +
2
r
Φ′2(r) − 4πGρ2(r)
]
+
1
r2 tan(θ)
Φ2(r)P
′
2(θ) +
1
r2
Φ2(r)P
′′
2 (θ) = 0. (66)
Expressing eq. (55) in terms of eq. (53) gives
P ′′2 (θ) = −4P2(θ) + 1. (67)
The eqs. (54), (67) and the cosine squared from eq. (53) enter in eq. (66). Rearranging for ρ2(θ) gives
ρ2(r) =
1
4πG
[
Φ′′2(r) +
2
r
Φ′2(r)−
6Φ2(r)
r2
]
. (68)
Now ρ2(r) from eq. (63) enters in eq. (68). At this point one needs to recall that Φ(r) = Φ0(r) = −GM/r. Rearranging
and equalizing yields
ρ2(r) =
[
Φ2
∂ρ0
∂r
+
1
3
Ω20r
2 ∂
∂r
(ρ0)
]
· r
2
GM
=
1
4πG
[
Φ′′2 (r) +
2
r
Φ′2(r) −
6Φ2(r)
r2
]
. (69)
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With the substitutions
x = r/R⊙, U(x) =
4πr3ρ0
Mr
, Mr = 4π
∫ r
0
ρ0r
′2dr′, (70)
V (x) =
d ln(ρ0)
d ln(r)
, ω(x) =
Ω0(r)
Ω∗
and y(x) =
Φ2(r)
Ω2∗R⊙
, (71)
where Ω∗ is a reference angular velocity, the quantities in eq. (69) become dimensionless. Remember that dimensionless
quantities enable us to study scaling solutions (see Sec. III B 1: The Lane-Emden Equation).
1. Case: No rotation
In case one neglects rotation Ω0 = 0, so that eq. (69) simplifies to
Φ2
∂ρ0
∂r
4πr2
M
=
[
Φ′′2(r) +
2
r
Φ′2(r) −
6Φ2(r)
r2
]
. (72)
It follows that
Φ′′2 (r) +
2
r
Φ′2(r) − [6 + U(r)V (r)]
Φ2(r)
r2
= 0. (73)
We will have a closer look at eq. (73) in the next section IVF.
2. Case: Nonzero Rotation
If now Ω0 6= 0 the calculation is slighlty longer. One intermediate step is
1
4πG
Ω2∗
[
1
x2
d
dx
(
x2
dy
dx
)
− 6y
x2
]
=
1
dΦ0/dx
[
Ω2∗R
2
⊙y
dρ0
dx
+
1
3
x2R2⊙
d
dx
(
ρ0Ω
2
0
)]
, (74)
with dΦ0/dx = GMrR⊙/r
2, ρ0 = U(x)Mr/4πr
3 and dρ0/dx = ρ0V (x)/x. The result is finally
1
x2
d
dx
(
x2
dy
dx
)
− [6 + U(x)V (x)] y
x2
=
U(x)
3
(
V (x)ω2 + 2xω
dω
dx
)
, (75)
which is eq. (9) in Ref. [40] and which has already been derived in 1964 by Roxburgh [39]. Eq. (75) can only be solved
numerically. In case of no rotation ω = 0 and eq. (75) reduces to eq. (73). One may recognize the familiarity with
the Lane Emden equation, eq. (15). At this point it may be interesting to note that many problems in astrophysics
(and physics) generally reduce to differential equations which are closely related to solutions of Bessel functions, or
solutions of Bessel functions itself.
F. Love number and tidal deformations
Let us now have a closer look at eq. (73) and solve the differential equation first of all for UV = 0. Hence
Φ′′2(r) +
2
r
Φ′2(r)−
6
r2
Φ2(r) = 0. (76)
Equation (76) can be solved via the ansatz H(r) = αrn, so that
n(n+ 1)αrn−2 + 2nαrn−2 − 6αrn−2 = 0 ⇒ n2 + n− 6 = 0 (77)
with the solutions
n1 = −3 and n2 = 2. (78)
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The solution is a linear combination, giving Φ2(r) = C1r
−3 + C2r
2. Following [7] the integration constants C1 and
C2 are
C1 =
15
8M3
λǫij and C2 =
M2
3
ǫij (79)
with some constant λ, whose physical interpretation will become important in the following. Now
Φ2(r) =
8
5
(
M
r
)3
C1 + 3
( r
M
)2
C2. (80)
Inserting the integration constants from eq. (79) in eq. (80) gives
Φ2(r) =
3λ
2r3
ǫij +
r2
2
ǫij and Φ
′
2(r) = −
9λ
2r4
ǫij + rǫij (81)
solving for ǫij and arranging the terms yields
− 9λ+ 2r5 = rΦ
′
2(r)
Φ2(r)
(3λ+ r5). (82)
We substitute
y =
rΦ′2(r)
Φ2(r)
(83)
and find the tidal polarizability parameter λ to be
λ = − (y − 2)
3(y + 3)
R5. (84)
Using eq. (42) we determine the so called Love number
k2 =
1
2
(2− y)
(3 + y)
. (85)
It is not surprising, that this equation can also be found for the Newtonian limit taken in the Refs. [7, 9, 10, 30] where
mainly general relativistic applications are discussed.
Because the density in every star depends on its radius and can of course not be assumed constant, our first result
k2 = 3/5 in eq. (45) is replaced by eq. (85). The density dependence is hidden in the quantity y in eq. (83) which
itself is a rational measure of the change of the gravitational potential quadrupole term divided by the quadrupole
term itself. The quantity y yields information about the deformability of the star, either due to rotation or due to
the existence of an external perturbing tidal field. It is clear that y is different for stars differently obtained, so that
y can be backtraced to the composition of the star, i.e. the equation of state.
Figure 4 shows the Love number as function of the substituted parameter y. It can be seen that the root of eq. (85)
is found at y = 2. No change in Φ2 implies the star is not able to deform, y → 0 and hence also k2 → 0. y(r = 0) = 2
is hence the staring value to solve for a solution of y. That is because in the very center of the star at r = 0 not
deformability takes place.
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FIG. 3. k2 as a function of y, see eq. (85). The solution of the differential equation eq. (76) allows only for values −3 ≤ y ≤ 2,
because k2 ≥ 0 for a physically reasonable deformation. A polytropic EoS with polytropic index n = 0 allows for the smallest
value of y = −1, which gives the upper bound on the Love number k2 = 0.75, see section IVG. For n = 0 the star configurations
are incompressible, explaining this feature of an upper bound.
G. The Love number for different Polytropes
For stars with nonzero density at the surface, such as selfbound stars [17–19, 21, 25, 41–43] or stars resulting from
a polytropic EoS with n = 0, one has to substract an extra expression from eq. (83)
y =
rΦ′2(r)
Φ2(r)
− 4πr
3∆ǫ
m(r)
, (86)
see also [7, 9, 10, 44]. The argument for selfbound stars is that because of the resulting discontinuity in the energy-
mass density at the star’s surface, ǫ jumps to zero. Because of this discontinuity, the value of y(r) needs to be shifted
according to eq.(86).
Eq. (73) with its corresponding substitutions eq. (70) and eq. (71) for nonzero U(r) and V (r) gives the correct
Newtonian approximation for the differential equation,
Φ′′2(r) +
2
r
Φ′2(r) +
[
4πρ
dp/dρ
− 6
r2
]
Φ2(r) = 0 (87)
which for instance is used in [9]. We turn now to discuss two cases of solutions of eq. (87) for polytropes.
1. For a polytropic EoS with n = 0, which corresponds to an incompressible fluid dp/dρ→∞ and the solution of
eq. (87) for y(r) is simply a constant: The root of k2 corresponds to the boundary condition y(r = 0) = 2 in
the center of the star throughout the whole star y(r) = 2. Because of the resulting discontinuity in the speed of
sound c2s = dp/dρ =∞ at the surface, the extra term from eq. (86) has to be taken into account. The value of
y(r) needs to be shifted. Inserting the corresponding values gives
yR = 2− 3 = −1 and k2 = 3/4. (88)
The value k2 = 3/4 corresponds to the upper limit, even when considering general relativistic effects.
The explanation for these quantities is that an incompressible fluid is the best fluid reacting to an external tidal
field, or to rotation. In other words, the bulge at the equator due to rotation is largest for an incompressible
fluid compared to compressible fluids. This fluid can not be compressed, therefore it is squished and flows in
reaction to the external quadrupole field, like a balloon if you like. If on the contrary matter can be compressed,
it forms a high density core and a low density mantle around the core, more like a sponge if you like. The fluid
can react to an external potential by increasing the energy density in the core such that only a small quadrupole
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moment is induced. By determining the Love number one learns something about the compressibility of the
fluid, and that translates into the softness or stiffness of the EoS. The Love number k2 gives most important
information about the inner structure of stellar objects.
Interesting to note is that in case of polytropes the value of k2 is independent on the value of the polytropic
constant K (eq. (10)), even if the maximum mases obtained depend on K. This feature can be explained via the
scaling behaviour studied via dimensionless quantities: The corresponding radius scales with the mass. We will
discuss this feature in the following section VA.
2. For the case of a polytrope with n = 1 one finds that eq. (87) is not that easy to solve compared to n = 0.
However, for n = 1 the radius dependent density drops out in eq. (87) so that an analytical solution is nonetheless
possible. With p = Kρ2 eq. (87) becomes
Φ′′2(r) +
2
r
Φ′2(r) +
[
2π
K
− 6
r2
]
Φ2(r) = 0 (89)
With the substitution r = ar˜ and the corresponding replacement of the function Φ2(r) → Φ2(r˜) and its
derivatives
Φ′′2 (r˜) +
2
r˜
Φ′2(r˜) +
[
2πa2
K
− 6
r˜2
]
Φ2(r˜) = 0 (90)
We choose a2 = K/2π so that eq. (90) already resembles the solution of a Bessel function very closely.
Φ′′2 (r˜) +
2
r˜
Φ′2(r˜) +
[
1− 6
r˜2
]
Φ2(r˜) = 0︸ ︷︷ ︸
our finding
⇐⇒ Φ′′2(r˜) +
1
r˜
Φ′2(r˜) +
[
1− p
2
r˜2
]
Φ2(r˜) = 0.︸ ︷︷ ︸
Bessel
(91)
We are already familiar with substitutions, so that the factor two in front of Φ′(r˜) can be treated with Φ = Φ˜/
√
r.
After deriving Φ˜2 and after some non-enlightening algebra one can identify
Φ˜′′2 (r˜) +
1
r˜
Φ˜′2(r˜) +
[
1− 25
4r˜2
]
Φ˜2(r˜) = 0 (92)
with the Bessel function J5/2 for p
2 = 25/4. Resubstituing the corresponding derivatives of Φ˜2 and solving for
y in eq. (83) one finds that
y =
−(p+ 12 )J5/2 + rJ3/2
J5/2
= −3 + rJ3/2
J5/2
. (93)
To evaluate the fractional relation of the Bessel functions in eq. (93) one may need the following relations for
spherical Bessel functions
Jn+ 1
2
=
√
2r
π
jn (94a)
jn = r
n
(
1
r
d
dr
)n(
sin(r)
r
)
(94b)
jn+1 =
n
r
jn − j′1 (94c)
Jn+1 + Jn−1 =
2p
r
Jn
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It follows for
J3/2 =
r
3
[
J5/2 +
sin(r)
r
√
2r
π
]
(95)
which enters in eq. (93). With J5/2 =
√
2r
pi · j2 and j2 = 1r j1 − j′1 we find for r = π that
y = −3 + π
2
3
and k2 = (15− π2)/2π2. (96)
This is exactly the same result as taken for the Newtonian limit in Refs. [7, 9, 10, 44].
For every other polytropic index n eq. (87) has to be solved numerically because the density ρ(r) gives a nontrivial
contribution to the solution of eq. (87).
The Love number encodes information about the star’s degree of central condensation [45, 46]. Stars that are more
centrally condensed will have a smaller response to a tidal field, resulting in a smaller Love number. These features
translate into the EoS.
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FIG. 4. k2 as a function of y for different polytropic indices n, according to eq. (85). It can be seen that for small n = 0.01
and vanishing compactness the value of k2 is determined only via k2(y = −1) = 0.75, i.e. is indeed the upper limit for an
incompressible fluid. The larger n becomes the smaller is k2, which implies that a stiffer EoS (smaller polytropic index n) yields
stars which are less deformable due to the formation of a high density core and a rather less dense mantle around the core
compared to stars obtained with a softer EoS.
Figure 4 shows the analytic function of the Love number k2 as a function of y according to eq. (85). Numerical
solutions for different polytropic indices are shown for n = 0.01, n = 1.0 and n = 1.5. It can be seen that for relatively
small compactness the solutions start at lower value of y implying a larger value of k2 compared to larger compactness.
That means that less compact stars are more deformable due to a tidal field for a given value of the polytropic index
n. With larger compactness the stars become less deformable, since the value of k2 becomes smaller.
In other words: More condensed stars obtained with increasing polytropic index n are more compressible and have a
smaller response to the perturbing tidal field, i.e. a rather small value of the Love number k2.
V. GENERAL RELATIVISTIC PHYSICS
One of the reasons compact stars have to be described by general relativity (GR) is because of the enormous
curvature effects on spacetime. Gravity crushes matter in compact stars to realms that lie far beyond a nonrelativistic
treatment via classical physics. The detection of gravitational waves (GW) from a black hole-black hole merger in 2015
[1–3] and from a binary neutron star merger in 2017 [4, 5] clearly makes compact star physics not only interesting,
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but of actual interest.
Constraints on compact stars and hence on the underlying EoSs arise from the measurements of the masses of the
pulsar PSR J1614-2230 in 2010 and of PSR J0348+0432 in 2013 [47–50]. These stars with M ≃ 2 M⊙ for instance
impose constraints on the equation of state (EoS) for compact stars. Many EoSs describing compact objects could be
ruled out since the corresponding mass radius relation does not reach this limit. Still it is an open discussion if exotic
matter is present in the core of such an object [24, 51–57]. In several works it is also discussed if the whole object is
made of exotic matter such as a Kaon condensate or pure quark matter [25, 43, 58–61]. A possible phase transition
is cutting edge for twin star solutions [26, 62–66]. The inner composition of such stars is still poorly understood, not
to say rather unknown.
The detection of the gravitational wave signal from the inspiral of two compact objects, which happened to take place
on August 17, 2017 [4, 5] imposes another constraint on the zoo of EoSs. The GW signal is strongly related to the
star’s tidal deformability, which is linear proportional to the Love number of the star.
A. Relativistic structure equations
The equation for mass conservation eq. (2) also holds relativistically. Only, the mass density ρ(r) is replaced with
the energy-mass density ǫ(r) with ρ = ǫ/c2 where c2 is the squared speed of light, so that
dm
dr
=
4πr2ǫ(r)
c2
(97)
The equations of Newton already tell us how mass acts as a source of the gravitational field
m
dr2
dt2
= −m~∇Φ(~r) and ~∇Φ(~r) = 4πGρ(~r) (98)
with Φ(~r) as the gravitational potential, see also eq. (64). From special relativity it is known that energy and mass are
equivalent. That means that energy is also a source of a gravitational field. The equations have to become tensorical:
The field Φ(~r) is replaced by the metric gµν and the corresponding counterpart on the other side of the equation is
the energy momentum tensor Tµν .
The Einstein field equations Gµν can be derived via the metric gµν , which models the gravitational potential, and the
Christoffel symbols, which model gravity as a pseudoforce. The Ricci tensor Rµν models the curvature and is defined
in terms of the Christoffel symbols. The Einstein equations can be found in almost every textbook concerning general
relativity and read
Gµν = Rµν − 1
2
gµνR =
8πG
c4
Tµν , (99)
see for instance Ref. [14, 67–71]. To ensure energy and momentum conservation, Tµν has to be divergenceless. The
Ricci tensor however is not divergenceless. Therefore the Einstein equations contain a correction in form of a product
of the metric and the Ricci scalar R. Matter, energy and spacetime influence each other, therefore the field equations
are highly non-linear and exceedingly complicated to solve. There are but a few solutions in closed form, of which
the Schwarzschild solution the most famous one is. The Schwarzschild solution is a vacuum solution, i.e. Tµν = 0,
and it describes the metric outside a spherically symmetric and static star. For the interior structure of a spherically
symmetric static star, the Tolman-Oppenheimer-Volkoff (TOV) equations, need to be solved. We will sketch the
derivation in the following.
After a massive star (Mstar ≥ 8M⊙) has consumed its nuclear fuel, it eventually explodes in a Supernova Type II.
The remnant is called a compact star. The TOV equations describing such stars have first been derived in 1939 by
Tolman, Oppenheimer and Volkoff [72]. For isotropic, static and spherically symmetric mass distributions and metric,
the energy momentum tensor Tµν adopts the hydrodynamical form, since the matter within a compact star can be
treated as a relativistic fluid [73].
Tµν =
(
ρ+
p
c2
)
uµuν − pgµν (100)
17
For the star to be in hydrodynamical equilibrium: uµ = (u0,~0) and g00(u
0)2 = c2, from which follows that (u0)
2 =
c2g00. The energy momentum tensor then reads
Tµν =
(
ρ+
p
c2
)
c2g00δµ0δν0 − pgµν =


ρ0c
2eν(r) 0 0 0
0 peλ(r) 0 0
0 0 pr2 0
0 0 0 pr2 sin2 θ

 (101)
with eν(r) and eλ(r) as the metric functions from GR, see also eq. (118). The condition for hydrodynamic equilibrium
requires that the covariant derivative of the enery momentum tensor vanishes, which eventually leads to
dp
dr
= −1
2
ν′(r)
(
ρ(r)c2 + p(r)
)
(102)
ν′(r) has to be determined by the Einstein eqs. (99) :
Gtt = e
ν−λ
(
−λ
′
r
+
1
r2
)
− e
ν
r2
= −8πG
c4
ρeν (103)
Grr = −ν
′
r
− 1
r2
+
eλ
r2
= −8πG
c4
peλ (104)
GΦΦ = −1
2
r2e−λ
(
ν′′ +
ν′λ
2
− ν
′λ′
2
+
ν′ − λ′
r
)
= −8πG
c4
pr2 (105)
Gθθ = sin
2(θ)GΦΦ = −8πG
c4
pr2 sin2(θ) (106)
Solving for ν′ and substituting into eq. (102) yields
dp
dr
= − (ρc
2 + p)
[
Gm(r) + 4piGc4 p(r)r
3
]
r2 − 2m(r)r (107)
= −Gǫ(r)m(r)
(cr)2
(
1 +
p(r)
ǫ(r)
)(
1 +
4πr3p(r)
m(r)c2
)(
1− 2m(r)
c2r
)−1
It can be seen that form(r)≪ r and p≪ ρc2 the equation reproduces the Newtonian limit, eq. (4). Mass conservation,
eq. (97), is valid without any corrections. Eqs. (97) and (107) are called the TOV equations. The key differences
between stellar Newtonian gravity and general relativity can be attributed to the differences from eq. (4) to eq. (107)
(i) Gravity does not only act upon the the density ρ but also on the pressure p, i.e. ρc2 → ρc2 + p in the first
bracket of eq.(107).
(ii) The second bracket in eq.(107) tells us that not only the mass, but every single entry from Tµν contributes to
the gravitational field, i.e. energy is also a source of gravity, m(r)→ m(r) + 4πr3p(r)
(iii) The third one reflects the difference between Newtonian gravity and the gravitational “force” due to general
relativity. This accounts for the additional factor in the denominator.
All these terms come along with a factor ∝ c relative to the leading Newtonian terms. The TOV equations are usually
solved numerically with an appropriate EoS, typically given by a relation between pressure p and energydensity ǫ(r).
The boundary conditions are m(r = 0) = 0 and p(r = 0) = pc. For each EoS exists a solution which is parametrized
by pc, the central pressure of the star. The entire collection of masses and corresponding radii is called the mass-radius
relation of compact stars.
Interesting to discuss in our analysis are scaling solutions of the TOV equations. A particular kind of such a scaling
solution was already adopted for the study of the Lane Emden equations discussed in section III B 1. However, to the
purpose of scaling one sets c = 1 in eq. (107) and introduces dimensionless quantities for the EoS p(ǫ).
P = ǫ0P
′ and ǫ = ǫ0ǫ
′ (108)
where the primed quantities denote the dimensionless quantities and ǫ0 is a typical energy scale. Introducing further
r = Rr′ and m(r) =Mm′(r) (109)
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with a typical massM and a typical radius R and plugging everything in eq. (107) one arrives at
R = 1√
Gǫ0
and M = 1
G
1√
Gǫ0
(110)
The statement here is that mass and radius scale with a constant factor ǫ0 to some power for a given EoS of the form
P ′ = P ′(ǫ′). From this analysis we can immediately write down how the maximum massMmax and the corresponding
radius Rcrit depend on energy density scale ǫ0.
Rcrit = R
′
crit√
Gǫ0
and Mmax = M
′
max√
G3ǫ0
(111)
This feature implies that a relation such as the compactness C ∝M/R is scale invariant.
B. General relativistic treatment of tidal effects
Apart from the two solar mass limit [47–50], another constraint on the zoo of EoSs comes from the detection of the
gravitational wave signal from the inspiral of two compact objects [6, 74–82]. This event happened to take place on
August 17, 2017 [4, 5]. As the stars orbit each other they loose energy due to the emission of gravitational waves and
as the orbit of this system shrinks, the inspiral accelerates. In the final minutes before the stars collide, this signal is
strong enough to be detectable for ground based detectors. The component masses of the binary neutron star merger
(BNSM) are in the range 1.16 ≤M⊙ ≤ 1.6, with the total mass of the system 2.73+0.04−0.01M⊙.
It is possible that a phase perturbation of the GW signal gives information about the compact star structure [7–9].
The influence of the internal structure on the GW signal of the inspiral is characterized by a single parameter λ,
which is the ratio of the induced quadrupole Qij to the perturbing tidal field ǫij from the companion. λ is called the
tidal polarizability
Qij = −λǫij = −2k2R
5
3G
ǫij (112)
where k2 is the star’s dimensionless tidal Love number [30] and R is the radius of the star, see also eq. (41). We have
already discussed that more condensed stars have a smaller response to the perturbing tidal field which will result
in a smaller k2. According to [9] neutron stars differ in the value of k2 from the Newtonian values up to 24% using
polytropic models, which are poor approximations for relativistic compact stars but nonetheless giving direction. The
tidal deformability parameter Λ depends on the compactness C of the compact star and on the Love number k2
[7, 10, 30] via
Λ =
2k2
3C5
. (113)
and is the most common value when discussing constraints on the EoSs. The compactness will become important
when discussing tidal effects in GR. The GW170817 measurement on the tidal deformability using a 90% probability
density interval deduces Λ = 300+420
−230 for stars 1.16 ≤M/M⊙ ≤ 1.60 [5]. Inferred from that measurement, the radius
of a 1.4M⊙ compact star cannot be larger than R ≥ 13.6 km [6, 27, 76–83].
C. Quadrupole moments, Love number and tidal deformations
In this section we briefly sketch how to derive relativistic tidal interactions. A complete treatment of the problem
is beyond the scope of this article but can be found in [7–10] and Refs. therein. Starting point is the derivation of
the general relativistic differential equation for the linear perturbations within the metric
g˜µν = gµν + hµν (114)
Following [84], the angular dependence of the linear perturbation is described via spherical harmonics
hµν = diag[−eν(r)H0(r), eλ(r)H2(r), r2K(r), r2 sin(θ)K(r)]Y2m(θ, φ) (115)
19
It turns out that the function H(r) corresponds to the classically derived Φ2 as the solution of the differential equation,
which has been derived classically in detail in section IVD.
H ′′(r) +H ′(r)
[
2
r
+ eλ(r)
(
2m(r)
r2
+ 4πr [p(r) − ǫ(r)]
)]
+H(r)Q(r) = 0 (116)
where
Q(r) = 4πeλ(r)
(
5ǫ(r) + 9p(r) +
ǫ(r) + p(r)
c2s(r)
)
− 6e
λ(r)
r2
− (ν′(r))2 (117)
with cs(r)
2 = dp/dǫ as the speed of sound squared and the metric functions from general relativity
eλ(r) =
(
1− 2m(r)
r
)−1
and ν′(r) = 2eλ(r)
m(r) + 4πr3p(r)
r2
(118)
The solution of the differential equation (116) describes the tidal perturbations of a compact star, derived within
general relativity. The Love number eventually is
k2 =
8C5
5
(1− 2C)2[2 + 2C(yR − 1)− yR]×
{2C[6− 3yR + 3C(5yR − 8)] +
4C3[13− 11yR + C(3yR − 2) + 2C2(1 + yR)] +
3(1− 2C)2[2− yR + 2C(yR − 1)] ln(1 − 2C)}−1. (119)
Compared to the classical case, eq. (85), in GR k2 depends not only on yR ≡ y(R) but also on the compactness
C =M/R. This feature results from the deformation of spacetime due to GR and is directly related to the term
eλ(r)
(
2m(r)
r2
+ 4πr [p(r) − ǫ(r)]
)
(120)
in eq. (116). This can be seen when comparing eq. (116) from GR with the classical terms in eq. (73) or eq. (86) for
the potential. The solution of the differential equation for H(r) can be simplyfied by casting eq. (116) as a first order
differential equation for
yR ≡ y(R) = rH
′(r)
H(r)
, (121)
which is straight forward but tedious to check. The similarity to the classical treatment in section IVF, where the
formalism has been derived classically, is apparently noteable, see eq. (83). Finally
ry′(r) + y(r)2 + r2Q(r)
+ y(r)eλ(r)
[
1 + 4πr2(p(r) − ǫ(r))] = 0, (122)
see also [7, 44, 84].
This substitution circumvents the detour of solving for H(r), when casting eq. (116) as a first order differential
equation using the same substitution for H(r) as for Φ2(r), see eq.(83). The difference is that one solves for y directly
and the value of H(r) is irrelevant. The boundary condition of eq. (122) is again y(0)=2, which implies no deformation
at all in the center of the star, see also fig. 4.
If there is a discontinuity at the surface of the star at r = R, eq. (121) has to be corrected via
y =
rH ′(r)
H(r)
− 4πR
3ǫ(r)
M(r)
(123)
which we have already discussed within the classical treatement in Sec. IVG, see eq. (86). The dimensionless tidal
deformability Λ in the general relativistic treatment is given by eq. (113), which is usually solved simultaneously with
the TOV equations [7, 9, 10].
Interesting to note is that the value of the compactness C = 0.5 corresponds to a black hole implying k2 = 0, i.e.
such an object cannot be deformed by tidal disruptions.
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VI. RESULTS
Figure 5 shows the equations of state (EoSs) for different polytropic indices n = 0.01, n = 0.7, n = 1 and n = 1.5.
The constant K for the polytropic EoSs have been chosen to be K =
√
24 MeV/fm3, which is around three times
nuclear saturation density n0 = 0.16 fm
−3 according to eq. (10). This value has been chosen such that the softest
EoS for n = 1.5 still yields 2M⊙ due to the measurements of 2M⊙ pulsars [47–50]. Figure 5 also shows two EoSs for
an ultrarelativistic gas according to eq. (17), one for c2s = 1/3 and the other one as limiting case due to causality,
c2s = 1. These two EoSs are particular, because of the non-vanishing value of the energy density at zero pressure due
to the vacuum pressure constant B. We choose the common value of B1/4 = 145 MeV/fm3 [24] but the value of this
constant depends on the model one studies, see for instance [26, 28, 43, 85–88] and Refs. therein. The resulting stars
of such EoSs shown in the mass radius relation in figure 6 are so called selfbound stars. They do not need gravity to
be stable [15].
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FIG. 5. The equations of state for different polytropic indices n = 0.01, n = 0.7, n = 1 and n = 1.5. The constant K has been
chosen to be K =
√
24 MeV/fm3, which is around three times nuclear saturation density n0 = 0.16 fm
−3. It can be seen that
for larger values of n, the EoS becomes softer, that is a smaller value of the pressure at a given energy density. The linear EoSs
for c2s = 1/3 and c
2
s = 1 correspond to an ultrarelativistic gas [28], i.e. eq. (17). Note, that for p = 0 the energy density is not
necessarily zero: The Bag constant B1/4 has been chosen to be 145 MeV/fm3.
The smaller the polytropic index n, the stiffer is the corresponding EoS, that is a larger value of the pressure
at a given value of the energy density. n = 0.01 corresponds to the limiting case of eq. (9) for p = KǫΓ=∞ for a
polytropic index of limn→ 0. We choose n = 0.01 because with a value of exacty zero one runs into numerical trouble.
Figure 6 shows the solutions of the TOV equations, eq. (97) and eq. (107). The mass radius relations are obtained
for different EoSs seen in the previous figure 5. For larger polytropic index n the maximum mass becomes smaller.
For n = 0.7 → Mmax ≃ 3.5M⊙ at R ≃ 16 km, n = 1.0 → Mmax ≃ 2.75M⊙ at R ≃ 15.4 km and n = 1.5 →
Mmax ≃ 2.1M⊙ at R ≃ 17.5 km.
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FIG. 6. The mass radius relations for the different polytropic EoSs shown in fig. 5. For larger polytropic index n the maximum
mass becomes smaller. The cases for n = 0.01 and for c2s = 1 are relatively close to each other, only that for a given mass the
c2s = 1 case yields larger values of the radius. The radii for any given mass are the smallest for c
2
s = 1/3, see also fig. 10. The
2M⊙ limit is in any case fulfilled.
The mass radius relation for n = 0.01 and for c2s = 1 are relatively close to each other, only that for a given mass
the c2s = 1 EoS yields slightly larger values of the radius. This will become important when discussing the tidal
deformability of two colliding stars in fig. 9. The masses (and radii) obtained with these two EoSs are far to large to
be physically reasonable. Their feature as a limiting case however makes them interesting nonetheless.
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FIG. 7. k2 depending on the compactness C as a function of y for different polytropic indices n according to eq. (119). It can be
seen that for small n = 0.01 and vanishing compactness the value of k2 is determined only via y = −1, i.e. is indeed the upper
limit for an incompressible fluid. The larger n becomes the smaller is k2, which implies that a softer EoS yields stars which
are more deformable compared to stars obtained with a stiffer EoS. This feature arises due to the formation of a high density
core and a rather less dense mantle around the core. The ultrarelativistic cases for c2s = 1 and c
2
s = 1/3 are found closely to
the incompressible polytrope implying that selfbound stars are rather hard to compress. The analytic solution corresponds to the
classically derived quantity k2, see eq. (85).
The best candidate when comparing with observable quantities is the mass radius relation for an ultrarelativistic
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gas for a speed of sound c2s = 1/3. The radii for any given mass are the smallest in our analysis. We will see that
this feature is for favoured a tidal deformability parameter compliant with the value determined via the detection of
GW. The 2M⊙ are also reached at R ≃ 11 km.
Figure 7 shows the Love number k2 as a function of the compactness. Since in GR k2 depends not only on the
perturbation y, but also on the compactness, the results are different to those obtained classically in fig. 4.
It can be seen that the results for a Polytrope with n → 0 and very small compactness C = 1.5 · 10−3 start at
k2(y = −1) ≃ 3/4, as is the case for the classical analysis of k2. The solutions for n = 0.01 drop nearly vertical from
the analytic solution k2(y, C) = k2(−1, 0) = 0.75 according to eq. (85) for larger compactness of the stars. That is to
say that the perturbation y stays approximately constant at y = −1, see also Tab. I.
The physical interpretation is that for constant perturbation y ≃ −1, the deformability due to the influence of
the Love number is mainly determined by the compactness C. At a certain compactness k2 ≃ 0 and the compact
object is (approximately) not deformable by tidal disruptions. This can also be understood with the argument of
incompressibility discussed in sec. IVG. Explained vividly: A balloon which is only a little inflated can be deformed
easily, but it is still incompressible. If you pump it up with air, you increase the pressure. This corresponds to a
larger compactness and the balloon is hence harder to deform for the same squeezing. This feature is modelled via
the quantity y.
However, the EoSs with a constant speed of sound show an nearly equal development, only y increases slightly before
k2 reaches zero. c
2
s = 1 is closer to the n = 0.01 case as c
2
s = 1/3. The polytropes for n = 1.0 and for n = 1.5
start at larger values of y, i.e. smaller values of k2. Such fluids can react better to an external potential, for instance
by increasing the energy density in the core. Every shell of matter passes the influence of the external potential to
the next shell towards the center of the star. As a result only a small quadrupole moment is induced which yields a
rather small Love number k2. The case for n = 1 has also been discussed classically in sec. IVG. The same statement
as for classical mechanics is valid for GR: The larger the polytropic index n, the softer is the EoS and the smaller
is k2. This implies that a stiffer EoS (when n becomes smaller) yields stars which are less deformable, because the
matter becomes more and more incompressible. For increasing polytropic index n, a high density core and a rather
less dense mantle around the core forms. For very small compactness all solutions start at the classical value (that is
the analytical solution in fig. 7) because in classical mechanics a quantity such as the compactness does not come to
play in the formalism. Solutions for C → 0 can be calculated with the Newtonian limit of eq. (119), i.e. eq. (85).
Polytropic index n y = rH ′/H C ∝M/R k2(y, C)
0.01 ≃ -1 1.5 · 10−3 0.75
0.01 ≃ -1 0.1 0.4
0.01 ≃ -1 0.26 0.1
0.01 ≃ -1 0.4 0.01
TABLE I. The numerical values of the Love number k2(y, C) for a polytrope with n → 0. The more compact a star is, the
harder it becomes to deform, which is expressed in a smaller value of k2.
Generally one can say that a very compact compact star for any EoS is harder to deform then a less compact one.
This statement is intuitive (exceptions however are low-mass compact stars). For all these EoSs it is interesting to
note that k2(y, C) is independent on the values of the constants in the EoSs. This holds for either polytropic or
ultrarelativistic EoSs. This arises from the scaling behaviour which we have discussed at the end of sec. VA, see
eq. (111). This is also found numerically in [10].
Figure 8 depicts k2 as a function of y and on the compactness C for different polytropic indices n according to
eq. (119). Generally, k2 decreases with increasing polytropic index n and increasing compactness C. For vanishing
compactness C → 0, i.e. within a Newtonian approach, the values of y and k2 can be determined analytically for
n = 0, eqs. (88), and n = 1, eqs. (96), see section IVG.
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FIG. 8. k2 depending on y and on the compactness C for different polytropic indices n according to eq.(119). Generally, k2
decreases with increasing polytropic index n and increasing compactness C. The ultrarelativistic EoSs with constant speed of
sound are located closely to the polytropic case for n = 0.01. The same figure can be found in Refs. [9, 10] for instance.
The ultrarelativistic EoSs with constant speed of sound are located closely to the polytropic case for n = 0.01. The
case for c2s = 1 is closer to n = 0.01 then c
2
s = 1/3. This again underlies the statements made before, see also fig. 7.
The same figure 8 can also be found in Refs. [9, 10].
When two compact stars orbit each other they lose energy due to the emission of gravitational waves. The inspiral
accelerates and the orbit shrinks. One star starts to deform due to the tidal field generated by the other star, both
stars deform actually due to the other stars influence. The component masses of the binary neutron star merger
(BNSM) detected in the GW170817 event are in the range 1.16 ≤ M⊙ ≤ 1.6, with the total mass of the system
2.73+0.04
−0.01M⊙ [4, 77]. For stars in that mass range which are generated with the same EoS one can analyze the values
of the tidal deformability in a Λ-Λ plot and compare these results with the measurement by LIGO [4, 77]. The
Λ parameters characterize the size of the tidally induced mass deformations of each star and are proportional to
Λ ∝ k2(R/M)5, see eq. (113) and also Refs. [4, 77] for more details.
Fig. 9 shows such a Λ1-Λ2 plot, where the index denotes star number one and star number two. What can be seen
is that the plot is symmetric to Λ1 = Λ2. Along this line the two orbiting stars have the same mass M =
1
2 · 2.73M⊙.
Moving towards the origin the star configurations become more compact, because the tidal deformability parameter
Λ ∝ k2 ∝ C−1 becomes smaller, see eq. (113). The widths of these bands are determined by the small uncertainty in
mass 2.73+0.04
−0.01M⊙. The lengths of these bands are determined by the uncertainty in mass ratio 1.16 ≤M⊙ ≤ 1.6. The
by far largest values of Λ1−Λ2 can be found for a polytrope with n = 1.5, which is not surprising because of the large
radii of these stars, shown in fig. 6 and fig. 10. Smaller values in the Λ1 − Λ2 plot can be found for the n = 1.0 case,
followed by n = 0.7. These values are shown in the inner right figure on a smaller scale for Λ in the 0 ≤ Λ ≤ 20000.
n = 0.7 is followed by the ultrarelativistic stars with constant speed of sound c2s = 1, the incompressible fluid n = 0.01
and finally c2s = 1/3. The case for a constant speed of sound EoS c
2
s = 1/3 exhibits the smallest values of Λ by far.
These values are a result of the very small radii of the star configurations, which results in rather large value of the
compactness, see eq. (113). The inner upper figure shows the results of Λ in the 0 ≤ Λ ≤ 1400 range. In this range
only solutions for the constant speed of sound EoS c2s = 1/3 are found.
The continuous black lines in the upper inlaid figure in figure 9 denote the 90% and 50% credibility level by LIGO
[4]. These lines correspond to a probability density. It is to 90% propable that a star’s tidal deformability parameter
Λ lies below that line. 50% of the probability density is located at even lower values. Every result apart from the
c2s = 1/3 lies well outside of the 90% credibility region, see upper inlaid figure in fig. 9.
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FIG. 9. Λ1 vs. Λ2 plot for different polytropic indices n and the two solutions of the constant speed of sound EoSs. The inlaid
figures accentuate better resoultions due to the large spreading of the results. Every result apart from the c2s = 1/3 lies well
outside of the 90% credibility region by LIGO [4].
Figure 10 shows the radius and the mass as a function of the compactness for the polytropes and the constant speed
of sound EoSs. The radii in the upper figure in fig. 10 are those of stars in a mass range 1.1 ≤ M/M⊙ ≤ 1.6. The
mass as a function of the compactness is shown in the lower figure. Stars in this range can collide to form a total mass
of the proto neutron star 2.73+0.04
−0.01M⊙ according to [4, 77]. It can be seen that the bands in the Λ-Λ plot in fig. 9
develop as follows: The largest values of Λ are found for a polytropic index n = 1.5 → n = 1.0 → n = 0.7 → c2s = 1
→ n = 0.01→ c2s = 1/3. The same development is found in fig. 10, i.e. a smaller radius at a given mass yields smaller
values of the tidal deformability parameter Λ. The development of the Love number k2 in fig. 8 does not follow this
development, which means that the compactness gives the main contribution to the tidal deformability parameter Λ.
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FIG. 10. The radius and the mass as a function of the compactness for the different polytropes and the constant speed of sound
EoSs discussed. The radii are those of stars in a mass range 1.1 ≤ M/M⊙ ≤ 1.60 range . These can collide to form a total
mass of the proto neutron star 2.73+0.04−0.01M⊙ according to [4, 77].
The more compact a compact star is, the more the tidal deformability parameter Λ is influenced by the compactness.
The influence of k2 decreases with increasing compactness. In the Newtonian limit C → 0 and Λ is determined solely
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via k2. Although the compactness gives the main contribution in eq. (119), k2(y, C) must definitely not be neglected.
The actual value of a 1.4M⊙ star has to be in a range Λ = 300
+420
−230 [4, 77]. This is a result of the deformation of
spacetime in GR due to terms ∝M/R, see eq. (120) in sec. VC.
VII. CONCLUSIONS AND OUTLOOK
The intention of this article is to provide undergraduate students or senior physics students a simple and pedagogical
introduction to a very modern topic in stellar physics, namely, the deformation that takes place in a star that is rotating
or which is subject to a tidal field.
We have shown that the rotation of a star around an arbitrary axis obeys the same physics as the application of an
external tidal field. Following the article by A.E.H. Love from 1906 [30] our analysis aimed at the quantity called
Love number, k2. It is shown how the Love number k2 is related to the quadrupole parameter J2, which is a result
of the evaluation of the quadrupole tensor Qij in classical physics. The tidal Love number k2 is furthermore related
to the tidal deformability parameter Λ, which, since 2017, is subject in almost every publication concerning compact
stars [7–10]. This is due to the detection of a gravitational wave signal from a binary neutron star merger [4–6]. Our
main intention in this article is to detangle these quantities and to explain their features vividly.
We find that the classical derivation of the formalism concerning tidal diruptions yields the correct limit taken from
general relativity, which is adressed after the classical analysis. Polytropic equations of state (EoSs) and constant
speed of sound EoSs have been introduced as useful examples that yield simplified solutions. Two analytical solutions
for the tidal Love number k2 are derived and evaluated. The physical implications give direction for a microscopic
treatment and are therefore discussed in detail. For an incompressible fluid the polytropic index is n = 0. Classically
the compactness C does not enter, hence k2 depends only on a perturbative quantity called y. This limiting case
gives k2(y = −1) = 0.75. In general relativity k2(y, C) decreases with increasing compactness. In the case n = 1 the
analysis is also given in some detail. This is suitable for learning certain techniques for handling differential equations
which are rarely explained in textbooks and to get acquainted with Bessel functions. By solving the TOV equations
it is shown that the mass radius relations scale with a constant quantity related to the EoS. The scaling makes the
compactness C and the tidal Love number k2 independent on the constant quantity from the EoSs. The larger the
polytropic index n in the EoSs, the smaller is k2. The same statement is valid for constant speed of sound EoSs.
Classically the tidal deformability is described only by the Love number k2. In general relativity the compactness is
relevant and gives the main contribution to the tidal deformability parameter Λ, although k2 is not negligible. This
is a result of the deformation of spacetime in GR due to terms ∝ M/R within the relativistic equations.
At the end of 2019 the NASA NICER mission [89] investigated the mass and the radius of the millisecond pulsar
PSR J0030+0451. This measurement is a first step to infer central densities of compact stars and so to constrain
the underlying EoS even more. Together with other GW events which are expected in the future [90, 91], this article
hopefully contributed to a better understanding of the quantities related to the tidal deformability of compact stars
and the corresponding relation to classical physics.
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